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The high resilience to de-coherence shown by a recently discovered Macroscopic Quantum Super-
position (MQS) involving a number of photons in excess of 5×104 motivates the present theoretical
and numerical investigation. The results are placed in close comparison with the properties of the
well known MQS based on |α〉 states. The very critical decoherence properties of the latter MQS are
found to be fully accounted for, in a direct a simple way, by a unique ”universal” function: indeed
a new property of the quantum ”coherent states”.
PACS numbers:
Since the early decades of Quantum Mechanics, the
counter-intuitive properties associated with the coherent
superposition state of macroscopic objects was the ob-
ject of an intense debate epitomized by the celebrated
”Schro¨dinger Cat” paradox [1, 2]. In particular, the ac-
tual feasibility of such quantum object has always been
tied to the alleged infinitely short persistence of its quan-
tum coherence, i.e. of its overwhelmingly rapid ”decoher-
ence”. In modern times the latter property, establishing
a rapid merging of the quantum rules of microscopic sys-
tems into the classical dynamics, has been interpreted as
a consequence of the entanglement between the macro-
scopic quantum system with the environment [3, 4]. By
discarding the environmental variables in the final cal-
culations the initially pure quantum state generally ap-
pears to decay irreversibly towards a probabilistic classi-
cal mixture [5]. Recently, the general interest for decoher-
ence has received a renewed interest in the framework of
quantum information theory where it plays a fundamen-
tal detrimental role since it conflicts with the experimen-
tal realization of the quantum computer or of any quan-
tum device bearing any useful, relevant complexity [6].
In this respect a large experimental effort has been de-
voted recently to the implementation of Macroscopic (i.e.
many-particle) Quantum Superpositions states (MQS),
adopting photons, atoms and electrons in superconduct-
ing devices. Particular attention has been devoted to
the realization of the MQS involving ”coherent states”
of light, which exhibits interesting and elegant Wigner
function representations [7]. The most notable results of
this experimental effort have been reached with atoms
interacting with microwave fields trapped inside a cavity
[8, 9] or for freely propagating fields [10]. However, in
spite of the long lasting efforts spent in these endeavors,
in these realizations the MQS has always proved to be so
fragile that even the loss of a single particle was found to
be able to spoil any possibility of a direct observation of
its quantum properties. Precisely on the basis on these
negative results in many scientific communities, and also
within very influential editorial teams, grew the opinion
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FIG. 1: Schematization of the decoherence model by a linear
beam-splitter of transmittivity T. (a) Analysis of quantum
superposition of coherent states |ψ±〉 = 1√
N±
(|α〉 ± | − α〉).
(b) Analysis of amplified states of the collinear optical para-
metric amplifier injected by a single photon qubit generated
in a type-II EPR source.
that the ”Schro¨dinger Cat” is indeed a ill defined, ab-
struse and then avoidable concept since it fundamentally
lacks of any directly observable property [5].
However, very recently a new kind of MQS involving
a number of particles N in excess of 5 × 104 has been
realized that allows the direct observation of entangle-
ment between a microscopic and a macroscopic photonic
state and shows a very high resilience to decoherence
by coupling with environment [11]. Precisely, the MQS
was generated by a quantum-injected optical paramet-
ric amplifier (QI-OPA) seeded by a single-photon be-
longing to an EPR entangled pair: indeed a high-gain
phase-covariant Cloning Machine [12, 13, 14, 15, 17].
By this device, that includes an Orthogonality Fil-
ter (O-Filter, OF) for better state discrimination, the
microscopic-macroscopic state non-separability was suc-
cessfully tested and the microscopic-macroscopic Viola-
tion of the Bell’inequalities for Spin-1 excitations was at-
tained [11, 16]. It then appears that several prejudices
about MQS should need a revision and that a careful
analysis looks necessary in order to learn more about the
2MQS dynamics and its decoherence. The present work is
precisely intended to provide a first glimpse in this elusive
albeit fundamental matter.
Criteria for macroscopic superposition: In or-
der to distinguish between two different quantum states,
let us introduce a definition of distance in the Hilbert
space. An useful parameter to characterize quantita-
tively the overlap of two quantum states is the ”fidelity”
F between two generic density matrices ρ̂ and σ̂, defined
as: F(ρ̂, σ̂) = Tr
(√
ρ̂
1
2 σ̂ρ̂
1
2
)
and 0 ≤ F ≤ 1, where
F = 1 for identical states, and F = 0 for orthogonal
states[18]. This quantity is still not a metric in the quan-
tum state space, but can be adopted to define different
useful metrics. Amongst them we consider here the ”Bu-
res distance” [19, 20]:
D(ρ̂, σ̂) =
√
1−F(ρ̂, σ̂) (1)
In this paper we shall adopt this ”distance” as it is con-
nected to the probability of obtaining an inconclusive re-
sult with a suitable Positive Operator Valued Measure-
ment (POVM) [21], which is F (|φ〉, |ψ〉) = |〈ψ|φ〉| for
pure states. When dealing with the distance amongst
two MQS, we shall also refer to D as the MQS ”Visibil-
ity”.
Distinguishability, MQS Visibility, the lossy
Channel.
Let us characterize two macroscopic states |φ1〉 and |φ2〉
and the corresponding MQS’s: |φ±〉 = N±√
2
(|φ1〉 ± |φ2〉)
by adopting two criteria. I) The distinguishability be-
tween |φ1〉 and |φ2〉 can be quantified as D (|φ1〉, |φ2〉).
II) The ”Visibility”, i.e. ”degree of orthogonality” of
the MQS’s |φ±〉 be expressed again by: D (|φ+〉, |φ−〉).
Indeed, the value of the MQS visibility depends exclu-
sively on the relative phase of the component states: |φ1〉
and |φ2〉. Assume two orthogonal superpositions |φ±〉:
D (|φ+〉, |φ−〉) = 1. In presence of losses the relative
phase between |φ1〉 and |φ2〉 progressively randomizes
and the superpositions |φ+〉 and |φ−〉 approach an identi-
cal fully mixed state leading to: D (|φ+〉, |φ−〉) = 0. The
aim of this paper is to study the evolution in a lossy chan-
nel of the phase decoherence acting on two macroscopic
states |φ1〉 and |φ2〉 and on the corresponding superposi-
tions |φ±〉 and the effect on the size of the corresponding
D (|φ1〉, |φ2〉) and D (|φ+〉, |φ−〉).
The effects of losses are analyzed through the effect of
a generic linear beam-splitter (BS) with transmittivity
T and reflectivity R = 1 − T acting on a generic
quantum state associated with a single mode beam:
Fig.1 [22]. The procedure for the calculation of the
output density matrix is the insertion of the BS unitary
transformations as a function of the parameters T or R,
and the evaluation of the partial trace of the emerging
field on the reflected mode (R-trace), i.e. on the loss
variables. In this paper we shall study quantitatively
FIG. 2: (a)-(d): Plot of the distribution of the number of
photons in the |ψ+〉 state for α = 4, corresponding to an
average number of photons 〈n〉 = 16, for reflectivities R = 0
(fig.2-a), R = 0.1 (fig.2-b), R = 0.5 (fig.2-c) and R = 0.8
(fig.2-d). (e): Plot of the universal curve that describes the
distance between |ψ+〉 and |ψ−〉 after losses as a function of
R〈n〉 sin2 ϕ.
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how the distinguishability of macroscopic quantum
states and the corresponding MQS Visibility is affected
by the parameters R or T of the lossy channel. We are
going to carry out this study for two classes of states
that bear a particular relevance in the present context,
as discussed above in the introductory comments.
Quantum superposition of coherent states. The
first class of states we are going to analyze is the quantum
superposition of coherent states |φ1,2〉 = |±α〉, defined as:
|ψ±〉 = N±√
2
(|α〉 ± | − α〉)[23]. As it is well known, this
MQS exhibits several very interesting quantum proper-
ties, such as squeezing and sub-poissonian statistics and
has been so far considered as the paradigmatic represen-
tation of the Schro˝dinger’s cat State.
Since the BS doesn’t affect the poissonian charac-
ter on the field, the application of the losses model to
the input component coherent states | ± α〉 of opposite
phase leads again to an output coherent-state density
matrix of the form ρ̂Tα = |
√
Tα〉 〈
√
Tα|. Then the dis-
tance between the two states with opposite phase is:
D
(
|√Tα〉, | − √Tα〉
)
=
√
1− e−2T |α|2 , a value close to
1 except for T = 0, i.e. for total loss of all particles.
Hence the coherent states | ± α〉 keep their mutual dis-
tinguishability through the lossy channel.
Let’s now consider the MQS Visibility. Applying the
previous losses procedure to the |ψ±〉 states, the density
matrices after losses have the general form:
3ρˆ
±
C =
1
2
“
|β〉 〈β|+ | − β〉 〈−β| ± e−2R|α|2 (| − β〉 〈β|+ |β〉 〈−β|)
”
(2)
with |β〉 = |α√T 〉. For the coherent state MQS with no
losses (T = 1), the distribution in the Fock space exhibits
only elements with an even number of photons for |ψ+〉
or an odd number of photons for |ψ−〉. This very peculiar
comb structure is indeed very fragile under the effect of
losses since the R-trace operation must be carried out in
the space of the non-orthogonal coherent-states. This is
shown in Fig.2(a)-(b). Furthermore, Fig.2(c)-(d) shows
the effects of decoherence on the |ψ±〉 states for increas-
ing particle loss. The MQS Visibility of these states has
been evaluated analytically in closed form and is found
extremely sensitive to decoherence [24]:
D =
√
1−
√
1− e−4R|α|2 (3)
Note that D(x) depends only on the average number
of lost photons x ≡ R|α|2 = R < n >, for any value of
< n >. The average loss of 1 photon leads to the MQS
Visibility value: D = 0.096, and then to the practical
cancellation of any detectable interference effects involv-
ing ρ̂Tψ± . This is fully consistent with the experimental
observations [8, 9]. The previous calculations can be
generalized to the general coherent state MQS: |ψ±ϕ 〉=
N±
ϕ√
2
(|αeıϕ〉 ± |αe−ıϕ〉) leading respectively to the distin-
guishability: D(|αeıϕ〉, |αe−ıϕ〉) =
√
1− e−2T |α|2 sin2 ϕ
and to the MQS Visibility: D(|ψ+ϕ 〉, |ψ−ϕ 〉)=√
1−
√
1− e−4R|α|2 sin2 ϕ. We obtain the previous
results by replacing in D(x) the coordinate x by the
rescaled quantity: x = R|α|2 sin2 ϕ. We can summarize
the theoretical results for the MQS Visibility by tracing
the unique function: D(|ψ+ϕ 〉, |ψ−ϕ 〉) = D(x), shown in
Fig. 2 (e).We consider this ”universal” function an
additional important property of the ”coherent states”,
not previously discovered to the best of our knowledge.
Note that the function D(x) approaches its minimum
value with zero slope: Sl = limR→1 |dD(x)/dx| = 0.
Quantum superposition by phase-covariant
quantum cloning. The lossy channel method has
been applied to the amplified single photon qubits by
a collinear QI-OPA. The interaction Hamiltonian of this
process is: Ĥcoll = ıh¯χâ†H â†V + h.c. in the {~πH , ~πV } po-
larization basis, and Ĥcoll = ıh¯χ2 e−ıφ
(
â† 2φ − eı2φâ† 2φ⊥
)
for
any ”equatiorial” basis {~πφ, ~πφ⊥} on the Poincare´ sphere
where: ~πφ =
1√
2
(
~πH + e
ıφ~πV
)
. Two relevant equato-
rial basis are {~π+, ~π−} and {~πR, ~πL} corresponding re-
spectively to φ = 0 and φ = π/2. We remind that the
phase-covariant cloning process amplifies identically all
”equatorial” qubits. The symbols H and V refer to hor-
izontal and vertical field polarizations, i.e. the extreme
FIG. 3: (a) Probability distribution in the Fock space
(nφ, nφ⊥ ) for the amplified |Φφ〉 state of a generic equatorial
qubit for different values of the transmittivity. (b) Probabil-
ity distribution in the Fock space (nH , nV ) for the amplified
|ΦH〉 state for different values of the transmittivity. All dis-
tributions refer to a gain value of g = 1.5, corresponding to
an average number of photons 〈n〉 ≈ 19.
”poles” of the Poincare´ sphere. By direct calculation, the
amplified states for an injected qubit π = {H,V } is:
|Φpi〉 = 1
C2
∞∑
i=0
Γi
√
i+ 1 |(i + 1)π, iπ⊥〉 (4)
While for an injected equatorial qubit the amplified state
is:
|Φφ〉 =
∞∑
i,j=0
γij |(2i+ 1)φ, (2j)φ⊥〉 (5)
where γij =
1
C2
(
e−ıϕΓ
2
)i (−eıϕ Γ2 )j
√
(2i+1)!
√
(2j)!
i!j! . In
these expressions C = cosh g and Γ = tanh g, where g
is the non linear gain of the amplifier.
Let us consider the MQS of the macrostates |Φ+〉
and |Φ−〉: |Ψ±〉 = N±√
2
(|Φ+〉 ± i|Φ−〉). Due to the lin-
earity of the amplification process [14], it can be eas-
ily found that |Ψ±〉 =
∣∣ΦR/L〉 . The distribution in the
Fock space P (nΦ,nΦ⊥) corresponding to each ”equato-
rial” macrostate |Φφ〉, evaluated by Eq.(5) exhibits a
comb structure similar to the one shown in Fig.2 (a).
Indeed only terms with a specific parity, in particular
with odd number of photons for ~πφ polarization and even
number of photons for its orthogonal ~πφ⊥ are non van-
ishing. Furthermore, the amplified
{∣∣ΦH,V 〉} states are
characterized by a diagonal distribution.
In fig.3 the effects of losses in the distribution of both
equatiorial and
{∣∣ΦH,V 〉} amplified states are shown for
different values of T . The peculiar features of these Fock
space distributions are progressively smoothed by the ef-
fect of losses.
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FIG. 4: (a) Numerical evaluation of the distance D(x) be-
tween two orthogonal equatorial macro-qubits |Φφ,φ⊥〉 as
function of the average lost particle x = R < n >. Black
line refers to g = 0.8 and hence to 〈n〉 ≈ 4, red line to g = 1.1
and 〈n〉 ≈ 8, green line to g = 1.3 and 〈n〉 ≈ 12. b) Numer-
ical evaluation of the Bures distance between two orthogonal
equatorial macro-qubits for different values of the threshold ξ
(g = 0.8).
As a following step, we have evaluated numeri-
cally the distinguishability of {|Φ+,−〉} through the
distance D(|Φ+〉, |Φ−〉) between the states: Fig.4-
(a). It is found that this property of {|Φ+,−〉} co-
incides with the MQS Visibility of |Ψ±〉, in virtue of
the phase-covariance of the process: D(|Ψ+〉, |Ψ−〉)=
D(|ΦR〉, |ΦL〉)= D(|Φ+〉, |Φ−〉). The visibility of the
MQS {|Ψ+,−〉} has been evaluated numerically analyz-
ing D(x) as a function of the average lost photons:
x ≡ R < n >. The results for different values of the
gain are reported in Fig.4-(a). Note that for small values
of x the decay of D(x) is far slower than for the coher-
ent state case shown in Fig. 2-(e). Furthermore, after
a common inflexion point at D ∼ 0.5 the function D(x)
drops to zero for R = 1 and then for: < n > ∼ N , the
total number of particles in the primary beam. Very im-
portant, for large < n >, i.e. R → 1 the slope of the
functions D(x) increase fast towards a very large value:
R → 1: Sl = limR→1 |dD(x)/dx| ≈ ∞. All this means
that the MQS Visibility can be large even if the average
number x of lost particles is close to the total number
N , i.e. for R ∼ 1. As seen, this behavior is opposite to
the case of coherent states where the function D(x) ap-
proaches zero value with zero slope: Fig.2(e). We believe
that this lucky and quite unexpected behavior is at the
core of the high resilience to decoherence of our QI-OPA
MQS solution. Note that this behavior was responsible
for the well resolved interference pattern with visiblity:
V ≈ 20% obtained in absence of O-Filter (OF) by:[17]
Orthogonality Filter The demonstration of
microscopic-macroscopic entanglement by adopting the
O-Filter was reported in [11]. The POVM like technique
[25] implied by this device locally selects the events
for which the difference between the photon numbers
associated with two orthogonal polarizations |m−n| > k,
i.e. larger than an adjustable threshold, k [17]. By this
method a sharper discrimination between the output
states |Φϕ〉 e |Φϕ⊥〉 can be achieved. The action of
the OF can be formalized through the measurement
operator PˆOS =
∑
m,n |m+, n−〉 〈m+, n − |, where
the sum over m,n extends over the terms for which
the above inequality holds. In Fig.4 the results of a
numerical analysis carried out for g = 0.8 and different
values of k are reported. Note the the increase of the
value of D(x), i.e. of the MQS Visibility, by increasing
k and, again: Sl = limR→1 |dD(x)/dx| ≈ ∞. Of course
here the high interference visibility is achieved at the
cost of a lower success probability, as expected.
The present work was intended to give a firm theo-
retical basis to the very high resilience to decoherence
demonstrated in recent experiments by our QI-OPA gen-
erated Macroscopic Quantum Superposition. This novel
MQS system is expected to play a relevant role in the
future investigations on the Foundational structure of
Quantum Mechanics. We acknowledge useful discussions
with Chiara Vitelli. Work supported by PRIN 2005 of
MIUR and INNESCO 2006 of CNISM.
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